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TAMING WILD EXTENSIONS WITH HOPF ALGEBRAS
LINDSAY N. CHILDS

ABSTRACT. Let K C L be a Galois extension of number fields with abelian Galois
group G and rings of integers R C S, and let &/ be the order of S in KG. If &/ is a
Hopf R-algebra with operations induced from KG, then S is locally isomorphic to
&/ as #module. Criteria are found for &/ to be a Hopf algebra when K = Q or
when L /K is a Kummer extension of prime degree. In the latter case we also obtain
a complete classification of orders over R in L which are tame or Galois H-exten-
sions, H a Hopf order in KG, using a generalization of the discriminant.

Galois module theory seeks to describe the ring of integers S of a Galois extension
L D K of number fields with Galois group G as a G-module, either absolutely (i.e.
over ZG) or relatively (i.e. over RG, R the ring of integers of K). In the relative
case, the fundamental result is Noether’s theorem: S is locally RG-isomorphic to
RG, that is, S has a normal basis locally at each prime of R, if and only if L/K is
tame, i.e. tamely ramified.

However, nontame extensions L/K abound (e.g. K = Q, L = Q(Ym), m =2 or
3 (mod4), or L = Q({), { a primitive mth root of unity, m not square-free). In
attempting to extend the tame results to nontame extensions, one approach, intro-
duced by H. W. Leopoldt [17] and studied by H. Jacobinski [15], F. Bertrandias,
J.-P. Bertrandias and M. J. Ferton [2, 3, 4], A. M. Berge [1], and recently, M. Taylor
[24, 28], is to replace RG by a larger order over R in KG, in particular, the order &/
of S'in KG.

#Z={a€ KGlaSC S},

and consider S as an #module. For K = Q this approach was successful: § = 7 as
2module when G = Gal(L/Q) is abelian. However, in [2 and 3] it is shown that
S = &/ as s£module may fail, even locally, if G is dihedral or if L/K is a Kummer
extension of prime degree.

This paper starts from the premise that it is of interest to know when 7 is a Hopf
R-algebra with operations induced from those on the Hopf K-algebra KG (abusing
language we henceforth call such an &/ a Hopf subalgebra of KG). There are several
reasons for investigating such a premise.

In general, as Bergman [29] has eloquently explained, for an algebra 4 to act on
another algebra S and to respect the algebra structure of S, it is natural for 4 to be
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at least a bialgebra. For to describe how A respects the unit map and the multiplica-
tion on S, it is necessary for 4 to act on R and on S ® S, and a natural way to
define such actions is via maps e 4 - R and A: 4 - A ® A which make 4 into a
bialgebra. In applying this general observation to &7, to require that </ be a Hopf
algebra, not just a bialgebra, is to require that &/ be closed under the inverse map,
or antipode, of KG.

Asking when &/ is a Hopf algebra may be of intrinsic geometric interest. For if
so, setting Y = Spec(.S), X = Spec(R), then Y is acted upon by A = Spec(.«/ *), the
Cartier dual over X of the affine group scheme represented by 7, and A may be a
more natural group scheme of operators on Y than is

G = Spec((RG)*).

Perhaps of most interest, however, is that fact that part of Noether’s theorem may
be recast as: if &/ = RG, then locally § = & as ##module; and in this formulation
the result can be generalized, at least for G abelian, to the case where &/ is an
arbitrary Hopf subalgebra of KG. The proof of this, given in §4, is an almost
immediate application of one of the main results in [9], which characterizes, for H
cocommutative, the condition that there exist local normal bases for an object S of a
Hopf R-algebra H in terms of a criterion for *“tameness” which directly generalizes
the criterion for tame ramification that the image of the trace map on S be all of R.

Thus in the wild case, when the order &/ of S in KG, G abelian, is a Hopf
subalgebra of KG, the wild RG-extension S becomes a tame ofextension and has
local normal basis at every prime of R. This result is a rare example of a general
local normal basis criterion for wild extensions of arbitrary number fields K.

The main body of the paper is an investigation, for the simplest abelian exten-
sions, cyclotomic extensions of Q and Kummer extensions of prime order, of
conditions for which & is a Hopf subalgebra of KG.

When K = Q, the example of L = Q(Ym ), m # 1 (mod 4), for which &7 = (ZG)*,
the dual of ZG, is almost the only possible example. In general, for K = Q, L an
abelian extension of Q, &/ is a Hopf subalgebra of QG if and only if every odd
prime is tamely ramified, and the first ramification group of L/Q at the prime 2 has
order at most 2. The main obstacle is that the idempotents occurring in & which
correspond to ramification groups of L/Q of order > 2 are not sent to &/ ® &/ by
the comultiplication on KG.

For Kummer extensions L/K of prime order /, we find several equivalent
conditions for &7 to be a Hopf subalgebra of KG, involving a congruence condition
on a Kummer generator of L, a condition on the ramification numbers of L/K at
primes dividing /, and a trace condition. This latter condition is that ./ is Hopf if
and only if tr(S) is the (/ — 1)th power of an ideal of R. The analysis of when &/ is
a Hopf algebra utilizes Tate and Oort’s classification of group schemes of order /
over rings of integers; in particular, if &/ is a Hopf algebra, then &/ = Hg, the Hopf
algebra corresponding to the ideal # with & - tr(S) = [R.

The determination of when &/ is a Hopf algebra is entirely a local question at
completions of K, and is nontrivial only at primes p dividing / at which L/K is
totally ramified and # (R,G)*. Our approach in the prime order Kummer case is
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to find all the Hopf subalgebras of «7,, using the Tate-Oort theory, and then look
‘for Galois extensions with respect to these Hopf algebras (an H-Galois extension S
with ¥ = R is an H*-Galois object in the sense of Chase and Sweedler [7]). We
show that to each Hopf subalgebra of s/ there corresponds a unique Galois
extension which is a suborder of S ®, Rp in L®K » and then determine when
S ® R, itself is such a Galois extension whose Hopf algebra is #/. To do this we
develop a general codifferent criterion for an H-extension, H a Hopf algebra, to be
Galois, based on the integral I of H, which yields a generalization of the classical
discriminant criterion for H = RG, and also yields a Galois-theoretic proof of
Larson and Sweedler’s theorem that if H is a finite, unimodular Hopf algebra, then
H* = H® I as H-modules [16], and a proof of Pareigis’ Frobenius criterion for
Hopf algebras [19]. A by-product of the development is to give a complete local,
then global classification of Hopf Galois extensions, and also tame H-extensions,
which are orders over R in Kummer extensions of K of prime order. In particular,
we show that there are orders over R in L which are Galois H-extensions for some
H if and only if the Kummer order S is a Galois (RG)*-extension, in which case the
Galois H-extensions are in 1-1 correspondence with ideals of R which are (/ — 1)th
powers and contain (/R)(tr(S)) '

Throughout the paper, L D K is a Galois extension of number fields, the Galois
group Gal(L/K) = G, and Oy, O, are the rings of integers of K, L, respectively.

1. Hopf algebras and their algebras. Hopf algebras (over a commutative ring R) as
considered in this paper are in the sense of Sweedler [22], that is, H is a Hopf
R-algebra if it is an R-bialgebra with antipode. A Hopf R-algebra H is finite if it is
a finitely generated projective R-module [7, p. 55]. Throughout this paper, all Hopf
algebras will be assumed finite. We denote the multiplication, unit, comultiplication,
counit and antipode of H by p, i, A, ¢, and A, respectively.

If H is a Hopf R-algebra, the space of (left) integrals I of H is the set

I=(xeH|yx=¢e(y)xforall yin H).

Let S be an R-algebra, finitely generated and projective as R-module, and H a
Hopf algebra. Then S is an H-module algebra [22] if S is acted on by H via a
measuring. If S is an H-module algebra, then the action H ® § — S induces a
comodule map a: S - § ® H* which is an R-algebra homomorphism [7, p. 55]; S
is then an H *-object. Conversely, if S is an H-object, S is an H *-module algebra.

If S is a H-module algebra, the fixed ring is

H={seS|ts=¢e(¢)sforal ¢in H}.

We have IS € S for S any H-module algebra. We call S an H-extension of R if
S = R and S is an H-module algebra.

Let H, J be finite Hopf algebras which are dual: H* =J, J* = H, and S an
R-algebra, finitely generated and projective as R-module, then S is a Galois
H-extension of R if S is a Galois J-object in the sense of [7], and S is a tame
H-extension of R if S is a tame J-object in the sense of [9]. We recall these
definitions.
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DEerINITION 1.1. The R-algebra S is a Galois J-object if S is a J-object via a:
S—>S®J,and themap y: S® § » S ®J given by y(x ® y) = (x ® 1)a(y), is
an isomorphism.

S is a tame J-object if S is an H-module algebra, H = J *, faithful as H-module,
rank z(S) = rank z( H) as projective R-modules, and for I = the space of integrals
of H IS = S" = R.

A Galois J-object is a tame J-object, by [9, (2.3)]. An H-extension S of R has
normal basis if S = H* as H-module, and has local normal basis if for any prime
ideal p of R, S, = H} as H,module.

Let L D K be a Galois extension of number fields with Galois group G, abelian.
Let H be a Hopf Oy-algebra which is an order over Oy in KG. If O, is an
H-extension of Oy, then the criteria for O; to be a tame H-extension reduce to the
single condition 10, = Ok, the analogue for H of the condition, for H = OxG, that
the trace map: O, — Oy be surjective [9]. Thus for abelian extensions of number
fields, O, is a tame O G-extension if and only if L/K is tamely ramified.

The main theorem of [9] is that the H-extension O, D Oy has local normal basis if
and only if /O, = Oy, I the space of integrals of H. Thus determining that O, is a
tame H-extension of O, for some Hopf algebra H yields useful information on the
local structure of O, .

2. The order of O,. Let L D K be an abelian Galois extension of number fields
with Galois group G. Following Leopoldt [17], let

o= {a€ KG|aO, C O, )},

the order of O, in KG, and set &> = Hom,, (#,Ox). In [17], Leopoldt proved
that if K= Q, O, is always a free w£module; on the other hand, F. and J. P.
Bertrandias and M. Ferton [3, 4] have shown that O, need not be locally free over .«
for L D K a Kummer extension of prime order.

One reason for interest in knowing if &7 is a Hopf algebra is:

THEOREM 2.1. Let L O K be an abelian extension of number fields with Galois group
G. Suppose o/, the order of O, in KG, is a Hopf subalgebra of KG. Then O, is a tame
t-extension of Oy and is locally isomorphic to s/ as s-module.

PROOF. Suppose & is a Hopf algebra. Let R = O, S = O;. By [9, Theorem 5.4],
O, is locally isomorphic to & * as #module if and only if IS = R where [ is the
space of integrals of . Since &/ * is locally isomorphic to & as module if &/ is
a Hopf algebra (see e.g. [19] or Corollary 10.4 below), it suffices to show IS = R, a
local question. So assume R is local. Let tr = ¥ _; 0, then if tr(S) = aR (R, being
local, is a discrete valuation ring), § = tr/a maps S onto R. Thus § € /. Since &
is a Hopf subalgebra of KG and tr is an integral of KG, 6 is an integral of .. Thus
IS = R.

3. Tate-Oort algebras. In most of this paper we study extensions of number fields
L D K which are cyclic of prime order / with Galois group G with generator o,
where K contains a primitive /th root of unity {. The Hopf algebras which arise are
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finitely generated projective Og-modules of rank / which are orders over Oy in KG.
These have been classified by Tate and Oort [23], and are completely determined by
their local structure at completions of Oy and at K [23, Lemma 4].

Let K, be the completion of K at a (finite) prime b, R the valuation ring. If
p N Z + (1), then the only Hopf R-algebra of interest is the group ring RG, which,
since R contains 1// and ¢, is isomorphic to Hom x(RG, R) = (RG)*.

The local structure of the Tate-Oort Hopf algebras when p N Z = (/), involves
certain constants w,, ..., w,, obtained as follows.

Let x: F, = Z, C R be the unique multiplicative section of the residue class map
Z,— F,[17,p. 44]. In RG, let

Y xi(m)em™,  i=1,...,1-2,

meF}r
(3.1) -1
—1 = l - Z Uj
j=0
[23, p. 9]. Then 0 =w,0, i=1,...,1—1, and 8] = w,0,, for some elements
wy,...,w, of R, where w; =1, w,,...,w,_; are units of R, and w, = /w,_,. (See [23,

formula (17)] for an inductive definition of the w,.)

Let H be a Hopf R-algebra, free as an R-module of rank /. Then [23, p. 14] there
exist a, b in R, ab = w,, such that H = R[£] where &' = b¢ as R-algebra, and the
comultiplication A: ' H — H ® H is given by

A(¢)=10¢t+¢ 01

i1 ¢ i—j -1 Jj (I=-1)+(i—))
1w_1[2g o iTabel

[}

Wi-j =i @ Cu-n+i-p

the counit &2 H > R by &(¢)=0 for i > 0, and the antipode \: H —» H by
A(§) = —&. The Hopf algebra H is thus defined by the constants @ and b, which
satisfyab = w,. If p =2, A(§) = &

Denote the Hopf algebra H = R[£], ¢/ = b§, by H,.

With this notation, RG = H,, (RG)* = H,.

The identification RG = H,, = R[], 8' = w,0, is given by (3.1) and by

(3.2) o™ = I_I(ZXE:’) ) form=1,...,0—1.

1

(cf. [23, p. 15, Remark 5]). There is an inclusion H, C H,, if and only if there is an
element u of R such that u'~'»’ = b, in which case the map is given as follows: if
H, = R[¢), H, = R[¢’], then £ = u¢’: (u¢’) = u'b’t’ = b(ut’).

Whenever { € R, RG = (RG)*, so w, has an (/ — 1)th root &, in R. In general,
the Hopf algebra H,, b # 0 is a subalgebra of KG if and only if H, ® K = KG =
(KG)* = H, ® K, if and only if b has an (/ — 1)th root b in R. In case b exists, so
does @ = &,/b, and so from a'"'bp=w, and b'"!-1=b and (3.2) we obtain
inclusions

RG=H, c H,Cc H = (RG)".
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PROPOSITION 3.3. Let K be a local or global algebraic field containing a primitive Ith
root of unity &, and let R be the ring of integers of k. Then the set of isomorphism
classes of Hopf R-algebras contained in KG, G cyclic of order I, is in 1-1 lattice-preserv-
ing correspondence with the set of ideals dividing IR which are (I — 1)th powers.

Proor. If H is a Hopf R-algebra of rank /, then H is uniquely determined by its
images at completions of R. Let b be a prime divisor of /R and R, K, be the
completions of R, K at p, respectively. Then H ® ; R, = H, for b some divisor of
IR=(1—-§&"'"R=p" e Since H,C K,G, b is an (I — 1)th power, so bR =
p! "D for some s, 0 < s<e. If [&p then H®, R, = R,G=(R,G)* = H,, so
¢ = 0. Thus to H corresponds the ideal % = ﬂpl,p"_l’s. The lattice-preserving
property follows from (3.2).

NOTATION. (3.4). Denote by Hy, the Hopf subalgebra of KG corresponding to the
ideal % of Oy.1f B = ¢'~", for each prime ideal b of Oy, Hgy ®, Oy, = H, where
b is the (/ — 1)th power of a generator of £®,, Ox »

(3.5) For H = H, = R[£], the space of integrals I is the free R-module generated
by b — ¢/, as is easily checked. In KG, b — ¢'~! has a familiar look: if RG = H,,,
= R[], § = a&, so

1 1
S O YR N
3 ao a“’/—10/~1
1 -1
= Zw"‘(l -y of) (from (3.1))
j=0

and so

-1
w ) b )
e Wt bl § J== J
b—§& p ; c / Yol
J=0
Of course £/ _{,0/ generates the space of integrals of RG.
We will denote ¥, .0 = tr since the action of tr on an RG-module gives the
trace map.

4. The quadratic case. Every quadratic extension is tame. While this will follow as
a special case of later results, we give here a short direct argument.

THEOREM 4.1. Let R be a Dedekind domain with quotient field K, let L be a
quadratic field extension of K with Galois group G = (o) of order 2. Let S be the
integral closure of R in L. Suppose tr(S) = aR, a principal ideal of R. Then S is a
tame H, extension, b = 2/a, and H, = {a € KG|aS C S}.

ProOF. First we note that a divides 2, since tr(1) = 2 is in aR. So RG = H, C H,
= R[§]byé=(1~-0)/a,0=1~-at

First, H, acts on S. For suppose s is in S, tr(s) = ar. Then (¢ + 1)s = ar for
some r in R,so o(s)=ar —s,and & = (1 — 0)/a)s = bs — r, thus H,S C S.

The space of integrals I of H is generated by b —§=2/a - ((1 —0)/a) =
(6 + 1)/a, and if tr(s) = a, then ((6 + 1)/a)s =1. So IS =R, and § is a tame
H,-module algebra.
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Let &= {a € KG|aS C S}. Since &S C S, &/ is integral over R, so &/C
(RG)* = H, = R[y], y* =y. Further, H, C H, by £ = by. So any a in & has the
forma = m + n(¢/b), m, nin R. Let s bein S, not in R, with tr(s) = a. If a is in
&/, then

(m+ n(&/b))(s) = ms + nés/b
=ms+ n(bs —1)/b
=ms+ns—n/b isin S,

and so n/b isin R. But then &« = m + n(§/b) = m + (n/b)¢ is in R[] = H,, and
&/ C H,. That completes the proof.

COROLLARY 4.2. If L D K is any quadratic extension of number fields, then there is
an Oy-Hopf algebra H such that O, is a tame H-module algebra.

If tr(O,) is a principal ideal of O, this is immediate from (4.1). In general, this
follows from the proof of Theorem 4.1, used as a local argument (see §17, below).

EXAMPLES. Let K = Q, L = Q(\/c—z' ), d square-free. Then O, is a tame H,-module
algebra, where

b=2(H, = RG) if d=1(mod4),
b=1(H,=(RG)*) ifd=23(mod4).

For K # Q, numerous examples of quadratic extensions L D K for which O, is a
Galois, hence tame H,-module algebra, for H, # OxG or its dual, are described in
(8.

5. Absolutely abelian extensions. In this section we show that unless the abelian
extension L D Q is tamely ramified except possibly at the prime 2, and then only
with ramification group cyclic of order < 2, the ring of integers O, of L is not tame
for any Z-Hopf subalgebra of QG, G = Gal(L/Q).

THEOREM 5.1. Let G be a finite abelian group, and let & be an order over Z in QG
generated by ZG and, for each prime p dividing the order of G, an idempotent

ep=L Yo (|Gp|=orderopr)
le| 0EG,
corresponding to some ( possibly trivial) p-subgroup G, of G. Then o/ is a Hopf
subalgebra of QG if and only if |G,| < 2 and G, is trivial for all odd p.

PROOF. Suppose m = |G,| > 2 for some p, and fix 7, p # 1in G,. Now in QG,

Aep=% Y o®o.

0E€G,

Since & is generated over Z by elements of G and idempotents e, for ¢ dividing
the order of G, Aep isin &/ ® & if and only if Aep is a Z-linear combination of the
generators 6 ® 1, 0 ® e,e, ® 7, and ¢, ® e, in Z® L, foro, 7in G and q, ¢’
running through prime divisors of the order of G.
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We suppose we can write Ae,, as such a Z-linear combination, and (in QG ® QG)
collect the coefficientsof # ® 7, 7 ® p, p ® 7, p ® p. Since 7, p # 1 in G, the only
generators of &/ ® &/ which contribute nonzero coefficients are the generators
7®7, m®p, p®xand p ® p themselves, together with €,®m e,8p, T8 e,
p ® e, and e, ® e,. (The nonidentity terms in e, ¢ # p, liein G, and G, N G, =
(1).)

We write

1
Aep=;n— Y 0®a0=age,®e,+ Y a,00 ® e,

0EG, aer

+ ) ag.e,®T+ ) 4,081

T€G, 0,7€G,
+ (other terms not containing ¢ ® 7 for 6,7 # 1in G,)

with all coefficients in Z. Then, collecting coefficients of 7 ® =:

1 1 1 1
(5.2) = log T gt 8o T Ay,
of 7 ® p:
1 1 1
(5.3) 0= ;ao‘o + ;a,,‘o + ;ao_p + A,
of p ® 7:
1 - 1 1
(5.4) 0= an_o + ;ap‘o + ;n—ao‘,, + a, .
of p ® p:
1 1 1 1
(5.5) m = :n—z_ao'o + ‘r;ap‘o + ;ao,p +a,,.

Multiplying the four equations by m and taking the differences (5.2)-(5.3) and
(5.4)-(5.5), yields

1 = (ao,w - aO,p) + m(aﬂ.w - a'n,p)’

-1=(ay,—a,,)+ m(ap_,, - ap‘p),

impossible if m > 2. Thus Ae, is notin &/ ® o/ if |G,| > 2. Since G, is a p-group, if
# is a Hopf subalgebra of QG we must have G, = (1) if p is 0dd, and |G,| < 2.
Conversely, if &/ = ZG + ZGe, where G, = (o) has order 2, thene, = (1 + 0)/2,
&/ contains €, =e,— 0= (1—-0)/2, and Ae,=e,®e,+&,®¢&, So & is a
Z-Hopf subalgebra of QG.
NoTE. For G of odd order, Theorem 5.1 follows from a theorem of R. Larson [30].

COROLLARY 5.6. If L O Q is an abelian extension with Galois group G, then the
‘order o of O, in QG is a Hopf subalgebra of QG if and only if either L O Q is tamely
ramified (i.e. &/ = LG), or the only prime which ramifies wildly in L is 2 and the first
ramification group of G corresponding to 2 has order 2.

This follows from the description of the order &/ given in [17], cf. [1].
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PROPOSITION 5.7. Let L D Q be an abelian extension with Galois group G. Then O,
is tame with respect to some Hopf subalgebra of KG if and only if L is tamely ramified
except possibly at 2, and the first ramification group of G for the prime 2 has order
dividing 2.

PROOF. If L satisfies the ramification conditions, then the order & of O, in KG is
a Hopf algebra by Corollary 5.6. That O, is tame then follows from Theorem 2.1.

Conversely, if O, does not satisfy the ramification hypothesis, then the order & of
O, in QG is not a Hopf algebra. But then, as Bergé notes [1, p. 17], O, cannot be
locally free for any order in KG other than &, so, in particular, O; cannot be a
tame J-module for any order J which is a Hopf subalgebra of KG. This completes
the proof of Proposition 5.7.

6. Orders of Kummer extensions. We now proceed to the case of Kummer
extensions of prime order.

Let L O K be a Kummer extension of number fields of prime order /. If the order
& of O, in KG is a Hopf algebra, it is a Hopf algebra of the kind described by Tate
and Oort [23], so by (3.3) &= H for some ideal & = ¢'~! dividing [Oy. Using this
fact, we obtain a necessary condition for & to be a Hopf algebra.

THEOREM 6.1. Let L D K be a Kummer extension of prime order I. If o/, the order
of O, in KG, is a Hopf algebra isomorphic to Hgy and BW = 10y, then tt(0,) = W .
Hence t1(0,) is the (I — 1)th power of an ideal of O.

Proor. If o/ is a Hopf algebra, then O, is locally isomorphic to &/* as
#module, «/* = Hom,, (&/,0k). Now &/ * is the trivial Galois ./ *-object, so
I1s7* = Oy, I the space of integrals of 2, by [9, Proposition 2.3]. Since O, is locally
isomorphic to & * as »£module, 10, = Oy.

Locally at b, &= H,u u for some 5,0 < s < e, where IOx , = p/"P¢and p isa
uniformizing parameter for p. So & corresponds to the ideal Z = [1p"~ Vs, But if 8
generates the space of integrals of H,u-u., then since Oy G = H,u-n., tr=
p(/— D(e=5)9 Thus

tro, = [Tp!" = = (10 )(TTp""1*) ' = (10, )(28) .

Since /0x = (1 — {)!"'0x and & is an (/ — 1)th power by Theorem 3.3, #"'= trO,
is an (/ — 1)th power of an ideal of Oy.

One objective of the remainder of this paper is to prove the converse of this result,
Theorem 17.3 below.

7. The local case. I: Which Hopf algebra can occur? In the following sections we
will focus on the situation where K is a local field containing a primitive /th root of
unity §, / prime, and L O K is a Kummer extension, L = K|[z], z/ = w € K, with
Galois group G = (o) acting on L by a(z) = {z. Let R be the valuation ring of XK.
We shall determine the tame and the Galois H-extensions of R contained in S, the
integral closure of R in L, and, in particular, find criteria for S itself to be a tame
H,-extension of R for some b, where H, is the Tate-Oort Hopf algebra H, = R[],
gl = bg .
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In this section we show that if T is an order over R in L which is a faithful
J-extension of R for some Hopf algebra J of rank /, then J must be a sub-Hopf
algebra of KG, hence, since J must be of the form H, for some b in R, b must have
an (/ — 1)th root in R. We first look at L itself.

PROPOSITION 7.1. Let K be a local or global number field containing 1/! and a
primitive Ith root of unity, | prime. Let L be a Galois field extension of K with Galois
group G = (o), cyclic of order I. For b # 0 in K, H, acts faithfully on L if and only if
b has a (I — 1)th root b in K, if and only if H, = KG.

PROOF. Given b, let K’ =K[b], L'=L® K’, H, = H,® K’. We have H, =
KG = (KG)* = H;, soby (3.2), w, has an (/ — 1)th root &, in K.

Let ¢: H,® L —» L be a measuring. Then ¢ induces ¢": H, ® L'’ > L', a
measuring. But H; = Hji-v = H,, , so the action ¢ yields an action of H, = K'G on
L’, thatis, a map G — Aut,.(L").

Now since L/K is a Galois field extension of prime degree / and [K’: K] divides
!/ — 1, L' is a field. For if L = K[z], f(x) = Irr(z, K'), the minimal polynomial of z
over K, and g(x) = Irr(z, K’), then, since L/K is Galois, f(x) = ITo(g(x)) where
o runs through a transversal of the stabilizer of g(x) in G. Since deg(f(x)) =/,
prime, deg(g(x)) = 1 or /. If deg(g(x)) = I, L’ is a field; if deg(g(x)) = 1, then z is
in K’,soIrr(z, K') has degree < deg[K': K] < /, impossible.

Thus if L = K[z], z/' = w, then L’ = K’[z] is a field, and the only actions of G
on L’ are those given by 6(z) = {z for { some primitive /th root of unity.

Let H, = K'G = K'[0). 0' = w,0; H, = K[£], £ = b¢; then we have an isomor-
phism of Hopf algebras H, — H; by § — a¢, a = &,/b. Here

-1
6=~ L x '(m)o".
m=1
Thus any action of G on L’ extends uniquely to an action of H, on L’, and so given
the action of G, o(z) = ¢z, for some root of unity {, we have

£2i= _%fol(m)gim Zi.

Since H, = K[£¢]actson L and z' € L, then ' is in L for all 4, that is, for all i,
—(1/a)Z,, x '(m)¢™ isin L. But since L, x " '(m){'™ € L, that is the case if and
only if @ is in L or Xx '(m){'™ =0 for all i; and the latter possibility cannot
occur, since otherwise ¢ would act trivially on L and the action of H, on L would
be unfaithful.

Thus if H, acts on L, then b = &,/a is in K, and H, = H,,. That completes the
proof of Proposition 7.1.

COROLLARY 7.2. Let L O K be a Galois extension of local fields, cyclic of order |,
prime, where K contains 1/1 and a primitive Ith root of unity. Let R be the valuation
ring of K, T an integral R-subalgebra of L with TK = L, which is an H,-extension of R
for b in R. Then H, is an order over R in KG containing RG, and b is an (I — 1)th
power in R.



TAMING WILD EXTENSIONS WITH HOPF ALGEBRAS 121

ProOF. If H, acts on S, H, ® K acts on L, so since R is integrally closed,
Proposition 7.1 implies that b, an (/ — 1)th root of b, is in R, and the inclusion
H, € KG then follows from (3.2). Since b divides / by definition of H,, we have
RG C H,.

The uniqueness in Theorem 7.1 may also be obtained as a special case of Theorem
3.1 of [27].

8. Kummer orders. Now we begin the classification of H -extensions S as in (7.2)
which are tame. First we consider the case b = 1, H, = (RG)*.

PROPOSITION 8.1. Let L O K be a Galois extension of local fields with Galois group
G, cyclic of order |, and suppose K contains a primitive Ith root of unity. Let R be the
valuation ring of K, and let S be the integral closure of R in L. Let S be the Kummer
order of S [12], § = L, ¢Sy, where

S,={s€S|o(s)=x(o)sforall s inG}.
Then S is a tame (RG)*-extension of R contained in S, S = R[z], z' in R, and the
tame ( RG)*-extensions of R contained in S are the G-graded subalgebras T of S,
-1
T= ) Rez', cinR,c,#0,withc,=1.
i=0

PROOF. Let p be a uniformizing parameter for the maximal ideal b of R.

First we identify $. Let I. = K[y], y' in K. By altering y by an /th power, we
can choose y/ = w in R with v,(w), the p-adic valuation of w, satisfying 0 < v,(w)
</ soyisin S.

If v,(w)=0, i.e. w is a unit, then S = R[y]. For since y' is in R, the map x:
G — K by x(o) = o(y)/y is a character of G which generates the character group
G, and

S,=8SNL.=SNKy 2Ry,
since y' is a unit of S, S,. = Ry".

If o,(w)=1r>0,let rs — kIl =1, and let z = y*/p*. Then z/ = y*//p¥' = ws/pk!
and v,(z') = rs — kI = 1. In that case, z is the root of the Eisenstein polynomial
Z' — 2!, so L/K is totally ramified and S = R[z]. In that case, if x(o) = 0(z)/z,
then S, = Rz',and § = §.

Set (RG)* = L Re,, e, = (X, x(67 YY) /I; the integral I of (RG)* = Re, . Then
e,S = S, and in particular, IS = S, = S¢=R. Since S is a faithful (RG)*-mod-
ule of rank /, S is a tame (RG)*-extension of R. S is a Galois (RG)*-extension of
R if and only if § = R[z] with z a unit of R, if and only if v,(w) = 0 (cf. Example
11.6 below).

Write § = R[z] with 0(z) = x(0)z.

Let T be an (RG)*-module subalgebra of S. Then

T=(RG)*'T=YRe T=}e.T=3T,
and 7,. C S,.. Thus T is a G-graded subalgebra of S. Tameness means simply that

T, = R and each T, # (0), from which the description of T given in the statement

of the theorem is clear.
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CoROLLARY 8.2. With L, K, S, R, G as in Proposition 8.1, there exists a Galois
(RG)*-module subalgebra of S if and only if S = R[z] with z' a unit of R, in which
case S is the unique such Galois (RG)*-module algebra.

PROOF. T is a Galms (RG)*-module algebra if and only if 7T=2YT7, with
T,=Rz and TT, =T, forall x, ¢ in G, in particular, T’ R. Thus T is Ga101s
if and only if each z, 1s a unit of S, in which case T, = S T=Sand $ = R[]
with z/ a unit of R.

9. Galois extensions. In contrast to the situation for H, = H, = (RG)*, we have

THEOREM 9.1. Let R be a local ring containing a primitive Ith root of unity, | prime,
with | contained in the maximal ideal b of R; let G be cyclic of order I. Let H, be a
Tate-Oort Hopf R-algebra, RG C H, C (RG)*. Suppose b € p. Then any tame
H,-extension of R is Galois.

PrROOF (from [13, Theorem 4.4]). Let H, = R[£], & = b¢; then ¢ =¢/"1 — b
generates the space of integrals of H,. If S is tame, then ¢s = 1 for some s in S.
We claim that s, £s,$2s,...,§’“ls is an R-basis of S. To see this, it suffices to

show it mod p. But mod p, ¢~!s = 1 and ¢'s = 0. Suppose
-1
Y rés=0 (modp).

i=0
If k is the least index with r, # 0, then since £'s = 0 (mod p),
-1

0= g"l"‘( Y r,ﬁ's) =t s =

i=1
So, mod p, s, &s,£%s, ..., &7 s are linearly independent, so are a basis. Thus,
s, €&s,..., & 1s span S over R [5, 11, §3, No. 2, Corollaire 2]. But since S is tame S is
free over R of rank /. Hence s, &5, ..., £/~ 1s form a basis of S.

Let hg,...,h,_, be a dual basis in H* for 1,¢,£%,...,¢ " in H,. Now S is an
H/*-object via the map a: S — S ® H/* given by

=Y ¢5®h,
Definey: S® S - S ® H by
y(s®1t)=Y st ®h,.

Then S is a Galois H,-extension of R if and only if y is an isomorphism. Since
S ® S and S ® H.}* are of equal ranks as free R-modules, it suffices to show that y
is surjective modulo p [5, II, §3, No. 2, Corollaire 1]. So for the rest of the proof,
assume R is a field with b =/ = 0.

We show that vy is surjective by finding, for each i, elements a, and b, in S such
that y(Za, ® b,) =1 ® h,, as follows: we set b, = £&'~1~*s for all k, and
0 fork>1i,
1 fork =1,
- Y a,(¢b) fork <i.

m>k

a, =
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Then

y(g’ak ® bk) Z(gakgfbk) ®h,

Z(Zakgfg”l“"s) ®h,
k

Z( ¥ ak§/—1+,/—ks) ®h
J

k>j
since ¢/ = b¢ = 0,
= Z( Yy akéfbk) ®h,.
j k=)

Forj>i, k>j,a,=0,s0

Y a.éb, = 0.
k>j
For j =i,
Y aldb=ath+ Y atb, =ath,;
k>i k>i
since a; = 1and ¢'b, = ¢/"1s =1, &b, = 1.
For j < i,

Y aéb, =Y a &b, + ajgfbj.

k>j k>j
Now §/b, = 1, and, substituting for a > we get

= Z akgjbk - Z an

k> m>j
Thus y(Xa, ® b,) =1 ® h,, completing the proof.

10. Frobenius conditions on Galois H-extensions. We develop some general theory
for H-extensions which may be of independent interest.

Let R be a commutative ring with unity, and H a finite (i.e. finitely generated and
projective as R-module) R-Hopf algebra. Finiteness implies that the space of left
integrals of H,

I={0€ H|hO=¢e(h)d, forall hin H)

is a rank one projective R-module, as is the space of right integrals. Following
Larson and Sweedler [16], H is called unimodular if the space of left integrals equals
the space of right integrals.

Let S be an R-algebra, finitely generated and projective as R-module (“finite™),
and an H-extension.

If S = R, then S is a Galois H-extension of R if and only if the map

J: S$H — Endi(S), j(sgh)(1) = sh(z)
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is an isomorphism [7, Theorem 9.3]. Denote the image of S in End 4(S) under j by
S, the set of left multiplications by elements of S.

THEOREM 10.1. Let H be a finite unimodular Hopf algebra with space of integrals I,
and S a finite R-algebra and an H-module algebra with S™ = R. Then S is a Galois
H-extension of R if and only if the map ¢: 1 ® S — S* (= Homg(S, R)), ¢(8,s)(t)
= fO(st) for0inl, s, tin S, is an isomorphism.

PROOF. For M an R-submodule of End 4(S) denote by I - M the set {#m|m in
M, 8 in I}. Then since IS € S =R, I-S5,C $* C Endg(S). The image of ¢ is
then 7 - S,. Since / ® S and S* are both finitely generated projective R-modules of
equal ranks, ¢ is an isomorphism if and only if ¢ is an epimorphism, if and only if
I - S, = S*. So we shall show that S is Galois if and only if I - §, = S*.

LEMMA 10.2. 1 - (SgH), = I - S,.

Assuming the lemma, the proof of the theorem proceeds as follows.
Suppose I - S, = S*. Then we have the diagram

S®S* = S®I-S, = S®I-(StH),
n p lm
End(S) 2 J(S§H)

where
m(s ® 0(sh))(1) = (Ls(60,5 )40,k ) (1)
= 25(0(1)5/)(0(2>h)(’)
= j( X s(60)s)#82h ) (1)
and p(sf )(1) = f(1).

The diagram commutes: for given s, s’ in S, @ in I, we have p(s ® 8 - s')(7) =
s0(s’t), while

m(s®80-s')(t)= Zs(ﬁ(l)s’)(ﬁ(z)t) = sf(s’t) (by measuring).

Thus j(S§H) = End 4(S), and S is Galois.
Conversely, suppose S is a Galois H *-object. Then End,(S) = S§H, and by
Morita theory

Endp(S)=S®I-(Sg4H),=S®I- S,
by Lemma 10.2, where the map S ® I - S, to End x(s) is u. Thus the diagram
S®S* « S®1I-S,

7

End 4(S)

commutes, and so the inclusion / - §, C S* induces an isomorphism S ® I - §;,= §
® S*. Since S is R-faithfully flat, 7 - §, = S*.
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We are left only with proving the lemma: 1 - S, =1 - (S§H),.
PROOF OF LEMMA 10.2. For x, y € S, h € H, ¢ € I, we have

(o (1)) (x) = Loy (») 9y (x)
= 200)(¥)ae(hay)hp(x) since (1 ® e)A =id,
= Lo e(hly)) (1) by (%)
= (Z¢<1>9(h?1)) ® ¢(2)h(2))(y ® x)
= A(ge( k)1 @ hp)(y ® x)
A(¢h),)(1® hy)(y ® x)  since ¢ is a right integral,
(Lo0hty ® dhtyhe)(y ® x)
(L okt ® dae(hiy))(y © x)
(Lo hte(hey) ® 60))(y ® x)
= (Zonh* ® ¢ )(y ® x) = Lo, k() 9y (%)

= ¢(hy - x) = ¢(hy),(x).

SoI-(StH),c I- S, The opposite inclusion is clear.
ExaMpLE 10.3. Let K be a domain of characteristic p. Let H = K[ f), ..., f,] with
f? =0, f, commuting and primitive, &( f;) = 0 for all .
Let L = K[x,,...,x,] with x? = g, in K, acted on by H with f; acting by 3/0x,.
For R = (ry,1y,...,1,), set

xR=xp o xn, fR=fpn cen frn

and

B=xB/(r)t-- (r).

Setting P—1=(p—1,p—1,..., p — 1), the space of integrals of H is generated
by 8 = f7~'. Then { y®|0 <r<p— 1)} is a K-basis of L, and if {pg} is a dual
basis, we have ¢p_; = 0. Then gg(y5) = 0(y*~1"RyS), and 6 - L, = L*. By Theo-
rem 10.1 L is a Galois H-extension of K.

Using Theorem 10.1 we may give a Galois-theoretic proof of a well-known result
of Larson and Sweedler [16]. The usual proof (cf. [16, 18, 19, 22], uses a Hopf
module approach, which we avoid.

COROLLARY 10.4. H = I ® H* as left H-modules, where I is the space of integrals
of Hand 1 ® H* is a left H-module via the action of H on H* given by (x - f)(y) =

f(yx).
PROOF. We can assume that the H-action on H * is given by (x - f)(y) = f(x" - y),

for the antipode A: H* — H* induces an isomorphism between H* = H* with
action (xf )(y) = f(x* - y) and H} = H* with action (xf )}(y) = f(yx).
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If 8 is an integral of H, then

2 x 0, ® b5 = Z”m ® X

(8) (0
(cf. [22, p. 104)).

Define ¢: I X H* —» H by
(9(6.1).8)=(8./8)

for f, gin H* 6 in I. Since H* is a Galois H *-object, ¢ is an isomorphism by
Theorem 10.1. Then ¢ is an H-module isomorphism. For

(xp(0.1),g)=(x, g(1)>< (6,1) g(2)>=<x,g(l)><0,fg(2)>
= <x, g(l,)<0(1,,f><0(2), g(2)> = <0(1),f><x0(2), g> ‘
= <XX0(1)»f><0(z,g> = <xx~f<1>><0(1)’f<2>><0(2>’ g)
= <xk»f<1)><0’f<2)g> - <0’ <f<1)’ x*>f(2)g>

=(0.(xf)g)=(o(b.x-f).g).
So xp(8, f)= @(8, x - f), completing the proof.

COROLLARY 10.5 (PAREIGIS [19]). As left H-modules, H* = H, i.e. H is a
Frobenius R-algebra, if and only if I is R-free.

REMARK 10.6. The condition that H is unimodular, i.e. that the spaces of left
integrals and right integrals are equal, is obvious if H is commutative. Unimodular-
ity has been studied by Larson and Sweedler [16], who showed that a finite Hopf
algebra over a field is unimodular if H has a left integral 8 with &(8) # 0, which is
equivalent to H being semisimple; or if H has an antipode of order 2 and H* is
separable. They give an example of a finite cocommutative Hopf algebra H with H*
connected over a field of characteristic 2 which is not unimodular.

The trivial Galois H *-object is H * itself, which is acted upon by H. Theorem 10.1
then specializes, for unimodular H, to the result of Larson and Sweedler [16] that for
a finite bialgebra with antipode, the bilinear form B: H* X H* - R, B(p.q) =
( pqg)#8, associated to a generator 8 of the space of integrals of H, is nonsingular.

11. Discriminants. We may define a codifferent using the integrals of H.

PROPOSITION 11.1. Let R be a domain with quotient field K, H a finite unimodular
Hopf R-algebra with space of integrals 1. Let S be a finite R-algebra and an
H extension of R such that L = S ®, K is a Galois H ® p K-extension of K. Let

={x€L|6x€R forall 0 inl}2S. ThenI-C,=S*. HenceS is a Galois
H extension of S* if and only if C = S.

ProOF. Both conditions are true if and only if they are true locally, so we may
assume R is a local ring and I = R for some 6. Since L is Galois, /- L, = L* by
Theorem 10.1, and so, viewing 8 as in Homg(S, R) € Hom (L, K), S*c6-L,
and $* = 60 - C,, where C = {x in L|6x € $*}. But

SccC
BlsN¢ B
S*
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commutes, where B(x)(y) = 8(xy). Since 8: C — S$* is an isomorphism, S = C if
and only if B| is an isomorphism, if and only if I - S, = S*. Theorem 10.1 applies
to complete the proof.

To define a discriminant of an H-extension S of R, first assume R is local, so that
I'=R6H and S is a free R-module. Let {x,...,x,} be a basis of S as a free
R-module.

Define §,,(x;,..., x,) = det(8(x,x),)).

Let { fi,..., f,} be a dual basis in $* to {x,,...;x,}. Let {y,...,y,} in C be
such that f, = 6 - y,. Write y, = ¥ a,,x;, a;; in K. Then

8:, =fi(x‘ ) =0(yx , (Za ikX kX ) = Zaiko(xkxj)
k

$0 (a; )(0(x,x;)) = the n X n identity matrix.

Thus (6(x,x,)) is invertible if and only if all a,, are in R, if and only if all y, are
in S, if and only if S* = § - S,, if and only if S is a Galois H-object.

Globalizing, we get the following;:

DEFINITION 11.2. §,,(S/R), the discriminant of S with respect to H, is the ideal
of R generated by {detf(x,x;)} for § in I and {x;,...,x,} running through
K-bases of L contained in S.

PROPOSITION 11.3. Under the same assumptions as in Proposition11.1, 8,(S/R) =
R if and only if S is a Galois H *-object.

PrOOF. Both conditions are true if and only if they are true locally. So we can
assume S is a free R-module with basis {x,,..., x, }, and I = R, in which case the
above argument applies.

REMARKS. 11.4. When H = RG, S is a Galois H-extension of R if and only if S is
a Galois extension of R with group G, in the sense of Chase, Harrison, Rosenberg
[6]. In that case, H = RG, which is unimodular with space of integrals generated by
0=2%,.50=tr; 8,(S/R) is the classical discriminant. The above results then
specialize to the results on pages 92-93 of DeMeyer and Ingraham [10].

EXAMPLE 11.5 (CLASSICAL). Suppose R is a domain with quotient field K, and R
contains a primitive nth root of unity {; let S = R[z] with z” = b, and H = RG, G
cyclic of order n with generator ¢ acting on S by o(z) = {z. Then 6,(S/R) =
det(tr(z'z’)). Since

r(z) = {O,r r# 0 (modn),

nz", n|r,

we have

det(tr(z'z/)) = det| . o = +n"p"" 1,
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Hence S is a Galois H-extension of R, H = RG if and only if n and b are units of
R. Of course, §,,(S/R) is the classical discriminant.

Note here that if # is a unit of R, then RG = (RG)*. Consider, then,

ExaMPLE 11.6. Same S, but do not assume R contains a primitive nth root of
unity. Let H = (RG)* = L}_; Rey, e,(0’) = 8, . Then I = Re,,

Define H on S by e,(z/) =8, ,z/. Then

8,(S/R) = det(eo(z’zf))

0 b
= det

0 b 0
— ibn—l'

Hence S is a Galois H-extension of R for H = (RG)* if and only if b is a unit of
R. See also Chase and Sweedler [7, Example 4.16].

12. The local case. II: A chain of Galois module algebras. The discriminant permits
us to construct a chain of Galois module algebras inside the ring of integers of a
Kummer extensions of local fields.

‘ExaMpPLE 12.1. Let R be the completion at some prime lying over / of a finite
extension of Z[{], { a primitive /th root of unity, / an odd prime. Let p generate the
maximal ideal of R, and let /IR = (pR)*" V. Let H, be the Tate-Oort Hopf algebra
R[£], with £7 = b¢, and comultiplication

A(g)=(1®¢)+(¢e1)
i—1 &5 i—j (-1 & ~1+i—j
et T e

where ab = w,.
Let K be the quotient field of R, and L = K[z], z/ = w, win R. For0 < s < e,
let S = R[x], x = (z — 1)/p°. Then x satisfies (1 + p'z)' = w, or

-1 r
i X w—1
X[+( l )xx ++([) d +...+( ) - = - .
/] —1 p r p(l—r)x 1 p(/—l).\ p,\/

Since s < e, all coefficients of x”, r > 0, are in R, and x is integral over R if and
only if w = 1 (mod p*').

Suppose w = 1 + p*c, ¢ in R.

Let H,, b=p'""Dacton S by éx =1 + p'x = z, £z = pz. Then H, sends Rx

into S. But then, using the measuring property:
-1 J I—1+i—j s
ix ix
+ 2 a ¢ £ s
j=i w; W14

gl(xrx\‘) — xr(gix.\') _|_( ixr)x.\‘
o |y [Ex)[E X
ek

1]
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one sees easily by induction on k that H sends Rx* into S for all k > 0. Thus H,
actson S.

Now RG = H,«. v C Hy = H,.v.s € Hy = (RG)*; if | = up*/~D for some unit u
of R, then § = (X0)/p'*~ !~ Dy generates the space of integrals of H.

Thus

0, ltr,
6(z") = {ers(l—l)’ Ir.
and so
8y(1,2,22,...,2/71) = det(8(z'*))
ps(l—l) 0 e 0
0 ps(l—l)w
= det
0 ps(/*l)w 0
= ! 1psti=1)

Now z = 1 + p*x, so

o= kgopsk(lrc)xk’

So
8, (1, x,x2, ..., x""Y) det(A)” = pU=Dyyl=1,

where

1 0 0

1 p’
2 s .25
4=11 (1)p P :
.. 0
p(/"l)s

Thus (det 4)> = p'“~Ys and §,(1,x,x%,...,x'" ') = w'~! a unit of R. Thus
S = R[x], x = (z — 1)/p°*, is a Galois H .- 1-extension of R.

IfL=K[z), 2/ =w,w=1+p"*"u,0<r<1,0<qg<e gl+r>1, uaunit
of R, then we get a chain of Galois extensions of R contained in the integral closure
S of R in L: SHEHEHE g S, where S, = R[(z — 1)/p*] is a Galois
(H,u n)-extension of R. In particular, S, is as in Example 11.6, and is the Kummer
order S of S arising in Theorem 8.1.

Summarizing, we have shown

THEOREM 12.2. Let K be a local field with valuation ring R, maximal ideal p = pR
and | € p. Let L © K be a Kummer extension of degree |, L=K|[z], z/=w=1+
up®, u a unit of R, k maximal, k>0, k=gql+r where 0<r<1land 0<r if
g <e. Let S be the integral closure of R in L. Then there is a chain of Galois
extensions of R, S, ¢ S, G -+ G S,, all contained in S, where S, is a Galois
H . v-extension of R,0 < k < h, and h = min{q,e}.
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13. Some lemmas on Kummer extensions of prime order. Throughout this section,
let K be a local field, a finite extension of Q,, with valuation ring R, maximal ideal
p = pR, IR = p¢U"D and L a Kummer extension of K of prime order /.

We wish to show that the chain of Galois extensions described in Theorem 12.2
contains all the Galois extensions of R contained in L. We need a preliminary
lemma.

LEMMA 13.1. Let z/ =1 + up'9™’, u a unit of R, where ¢ < e and 0 < r < I. Set
x=(z—1)/p? Thenv,(x)=r.

PROOF. Since z/ = 1 + up/¥™", x satisfies
0=((1+p%) =1 —uw")/p*
or
(13.2) 0=x’+£’%x"‘+---+(£)p—:’%£+--.+%—up".

Since ¢ < e, L D K is totally ramified, and v, ( p) = /. In order that equation (13.2)
hold, (13.2) must contain two terms whose valuations are equal and minimal. Now

Uz,(x/) =lv,(x), v, (up")=1lr

and for1 < k < /-1,

L,((li) Xt ) = el(I=1) + ko, (x) — lg(l — k)

pq(/—k)
>el(l—1)—1(e=1)(I—-1)+ ko, (x)
>l = 1)+ ko, (x).
Thus

, 1) _x*
UL(up ) < U[((k) pq([_k))

unless » = / — 1 and v, (x) = 0. But then 0 = v, (x') and x' is the unique term in
minimal valuation, impossible. So we must have lv,(x)=Ir, and v,(x)=r, as
claimed.

The following result will help to identify when the ring of integers of L is a Galois
extension.

lg+r

PROPOSITION 13.3. Suppose L = K|[z] is totally ramified. Suppose z' =1 + up
uaunit,g<e 2<r<!—1 Let T= R[x] where x = (z — 1)/p“. Then T is not
integrally closed.

PrROOF. We have
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Let

1 (-1 1 =,

= = o'(x).
pr—l i’l;]:l pq pr-l IE! ( )

Then yx = up, and, using Lemma 13.1, v,(y)=7!/—-r >0, and y is in S, the
integral closure of R in L.

However,
by 2 =1 yz—=1 14+z+22+4 - 477!
14 - pql pI pq(/—l)
1 =l . 1 =1k L
= q = qgm_m
270D k=0(1 *p'x) 0D EO mgo(m)l’ x
1 -1 ( -1 B
s | Z (K]
pq(l-l) m=0\k=m m
1 /-1 /
— mq.,.m
pq(l—l) mZ=0(m+1)p X
So

1 -1 !
- - @@ mq,. m
y pq(1_1)+(,_1) Zo(m__l_ I)P X .

m=

Let ¢, be the coefficient of x™, m=0,...,/—1. Since gq(/-1)+r—-1<
e(l —1)=wvg(l),c,isin R forall m =0,1,2,...,/ — 2. But

-1
o =P
/=1 p(l—l)q+(r—l)

isnotin R if r > 1. So y isnotin T = R[x], and T is not integrally closed.

Finally we need to know how we can adjust a generator z of a Kummer extension
L = K[z]. We retain the hypothesis of this section.

Recall that /R = pe!/=D,

PROPOSITION 13.4. Let L D K be a Kummer extension, then z € L may be chosen
sothat L = K|[z], z/ = w € R and
(i) w generates p, or
()w=1+up*, uaunitof R, k=Ilg+r>1,0<r<1I and
(ayr # 0 or
(b)g = e.
Ifw=1+up* withk=1Ig+r>1, k <leand r # 0, then k is maximal for all
possible z with L = K|[z], z' € R.

PROOF. Let L = K[y], y'=v.If vR=p"and / + ¢, find 5, m with ts = 1 + Im,
then (yp~™)* = z satisfies

zl=w=(yp

units u, u’ of R.

—m)s[ — v:pl—ts - (p’u')spp_” = up for some
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If /|1, 1 = lg, then (y/p9)' is a unit of R, so we can assume y' = v & p. Suppose
v =1+ up*. u a unit of R, for some k > 0. If /|k, k =Ig, let —u = v} (modp)
(possible since R/p is a finite field of characteristic /) and set ¢ = 1 + v, p9, and
z = ¢y, then

2= (ye) = (14 wp*) (1 + 0, p7)
=1+ up*+ 0l p? +0v,p" 9+ I,,

some v, € b9,
1 (mod p**!) if k < le,
1(modp¢’)  if k > le.

Repeating this construction as needed, we may eventually find z with z/ = w =1 +
up* with [ + k or k > le. If k = 0 the argument is similar.

To show maximality, first note that given z with L = K[z], z' € R, all other
elements of L with y/ € R havetheform y = ¢z, c€ R, 1 <s< - 1.

Suppose z/=w =1+ up*, k #0 (mod/), u a unit of R, k <le. For any

¢=1+ovp“ vaunitof R,andanys, 1 <s </— 1, we have
() = (1+0p!) (14 wp*)’
= (1 + o'pd' + Ip"uo)(l + uy p¥), Uy, U, units.
If k < le then
(cz)' =1+ u,p", u, a unit,
where n = min{k, dl}. Hence if k < le, k # 0 (mod/), then k is maximal.

14. The local case. III: Galois orders in L. Let L = K[z], z/=w €€ R, be a
Kummer extension of local fields, with / € p = pR, the maximal ideal of R. In this
section we will classify the Galois and tame extensions of R which are orders over R
in L.

The case where / + v (w) was done in Proposition 8.1. So throughout this section
assume w is a unit of R. In view of Proposition 13.4 we may assume w = 1 + p*u, u
aunitof R, where k =g/ +r,and1 <r <lorgz=>e.

Recall that inside S, the integral closure of R in L, is the chain S, € S, € --- C
S, of Galois extensions of R, where 4 = min{gq, e } (Proposition 12.2).

THEOREM 14.1. Let S be a Galois extension of R which is an order over R in L. Then
S =S, forsomem < h.

m

PrOOF. The results of §7 imply that if S is a Galois extension of R such that
SK = L, then S is a Galois H i n-extension for some m, 0 < m < e, with induced
action from that of KG on L. By the results of [14], S = R[¢] with 1 + p™r =y
satisfying y/=v in R, v =1 (mod p™') a unit of R. Now S, = R[x] where
1+ p"x =z z'=weR. Since K[y]= K|[z], z=cy" some ¢ € K, and y = dz°,
some d in K. Since z, y are both units of S, ¢, d are units of R. Substituting, we
have

(14.2) 1+p"x=c(l+p™) and 1+p"t=d(1+p"x)";
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thus ¢, d =1 (mod p™). Writing ¢ =1+ p™e, d =1+ p"f, e, f € R, and sub-
stituting into (14.2) yields easily that x € R[t], t € R[x],s0 S = §,,.

Now we ask when the integral closure of R in L is a Galois extension. Again
assume /| v, (w).

THEOREM 14.3. Let L = K[z, z' = w =1+ p*u, k = ql + r, is a unit of R, and
g=eorl <r<I LetS be the integral closure of Rin L. If ¢ > ethen S = S, is a
Galois extension.If g < e, then S is a Galois extension if and only if r = 1, in which
case S = S,, a Galois H .. -extension.

q°

PROOF. Since S, C S where h = min{e, g}, and S, is the largest Galois extension
contained in S, S is a Galois extension if and only if § = .

If h = e, S, is a Galois RG-extension so is integrally closed, and S, = S.

If h=gq<e, set S,=R[x], 1+ px =z then »,(x)=r by Lemma 13.1. If
r > 1 then S, is not integrally closed, hence S, # S, by Proposition 13.3. If r = 1,
then x satisfies the Eisenstein equation

(1+p9X) = (1 + p”*'u)
p¥

=0

which is in R[X] since /R = p¢‘~Y and g < e. Thus [21, Chapitre I, Corollaire to
Proposition 17], S, = R[x] = S.

15. The local case. IV: The order of S in KG. Assume R is a local ring. Let T be a
Galois H -extension of R, where b, an (I — 1)th root of b, is in R. Then the
description of Galois H,-extensions of R with normal basis given by Hurley [14]
applies. Namely, let H, = R[£], & = b§, then T = R[y] with &y =1+ by = z,
¢z = bz, z/ = w is a unit of R congruent to 1 modulo &/, and

generates a normal basis for T over R, in the sense that {v, év, £%,...,¢ W} is a
basis for T as a free R-module.

ExampLE 15.1. Let / = 2, H = H,,, T a Galois H-extension of R. Then T = R[x]
where x = (z — 1)/p7 satisfies x* + (2/b)x = 2u, uin Rand v = x = (1 — z)/p?
generates a normal basis { x, {x = z}.

Using the existence of the normal basis, we have

PROPOSITION 15.2. Suppose L D K is a Kummer extension of local fields of order |
with Galois group G, R is the valuation ring of K, | is in p, the maximal ideal of R,
and S is the integral closure of R in L. Suppose T is a tame H -extension contained in
S. If /= {a € KG|aT C T}, the order of T in KG, then H, = o/ .

Proor. Since H, € KG, H, C «.
First assume b is in b, the maximal ideal of R. Suppose a is in &/, aT C T. Since
T is a tame H,-module algebra, where H, = R[£], T is Galois, so T has a basis over
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R consisting of v, £v,£%,...,¢ "% for some v in T. Let &« = X!20d ¢ in H, ® K
= KG, d, € K. Then

-1
av = Y. ditv.
i=0

If av isin T, then d, must be in R for all i, and so a is in R[§] = H,. Thus in this
case, &/ = H,.

Now suppose b is not in p. Then H, = H, is the integral closure of RG in KG.
Since 7 is an order over R in KG, &/ C H,.

That completes the proof.

COROLLARY 15.3. Suppose K, R, L are as in (15.2) and S is the integral closure of
R in L. Suppose L = K[z], z/ =w =1+ p*u, k > 1 maximal, k = ql + r, u a unit
of R. Ifr = 1 or q > e then the order &/ of S is a Hopf algebra.

16. The local case. V: Trace, ramification number. Again assume L D K is a
Kummer extension of local fields of prime order /, let R be the valuation ring of K
with maxinmal ideal p = pR, S the integral closure of R in L. Assume L = K[z],
z/=waunitof R w=1+pfku=1+p?*"u, uaunitof R,g>eorl <r<LIf
q > e then S is a Galois extension of R with group G, tr(S)= R and D is
unramified in S.

Suppose g < e, then p is totally ramified in S. Let & be the maximal ideal of S.
Set G, = {0 € G|ox = x (mod 2'*") for all x in S}, the ith ramification group.
The ramification number ¢ of L/K is the number ¢ so that G, = G, G, ; = (1).

THEOREM 16.1. With the above notation, suppose L = K|z], z' a unit of R, and
suppose L/K is totally ramified. Then the following are equivalent:
(1) S is a Galois H pqum-extension,
(ii) z may be chosen withz' = 1 + up
()t = (e —g)l -1,
(iv) tr(§) = plte~PU=DR,

a*1 y q unit of R,

Note that (i), (iii), (iv) all hold when L /K is unramified (in which case g = e).
PROOF. (iii) = (iv). Let ¢ be the ramification number, then

o, (r(8)) = [(r + (1 = 1) /1]

by [22, Lemma 4, p. 91]. Then (iii) = (iv) is obvious.
(i) < (ii) is Theorem 14.3.
(i) = (iii). If S is a Galois H .- -extension then

§=S5,=R[x], x=(z-1)/p"
We have

z-1 =§z—1=z—1+§z—z=x+x(§——l)_
pe pe p? pe pe

soo(x)— xisin p¢ 9= PN andisnotin P D! Sor = (e — q)l — 1.

o(x) = o(
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(iv) = (i). Suppose v, (tr(S)) = g(/ — 1), some g. Let ¢ be the ramification
number, A =1¢t+ 1. Then g(/ - 1)=[h(/—=1)/I]. Write h=cl+r, 0<r <L
Then
[(et +r)(1—1)/1] [22,p.91]
c(I-=1)+[r(1-=1)/1], soc=gandr=0o0rl.

CLAIM. S is an H-qu-y-module algebra.

PROOF OF CLAIM. Let 7 be a uniformizing parameter for &, the maximal ideal of
S.

If G = (o), forany x in S, o(x) = x (mod #"), so for each i,

h

q(1-1)

o'(x)=x+ um" forsomeuin S.

Recall that RG = R[6], ' = w,0 where
6=— Y x '(m)e™.

meFX

Thus

- % x(m)e(x)

m=1

-1 -1
- X x m)x = X x7{(mu,n"

m=1 m=1

0(x)

(— i_:lx‘l(m)um)w".

Ifh=Ig+r,0<r<lleté=40/p%in KG; then R[¢] = H, for b = w,/p9'~D.
For any x in S,

£(x) = (— i:lx“(m)um)wh/p",

and 7" /p% = u;m", an element of S (where u, is a unit of S). Thus H, = R[{] maps
S to S. Since H, = R[£] € KG and the action of H, on § is the restriction of that of
KG on L, S is an H,-module algebra, completing the proof of the claim.

Now the space of integrals of H,-.u-1 is generated by

-1
¢=b_£/—1= (Zoi) pq(l—l).
i=0 /

So IS = ¢S =tr(S)/p?" V= R. It follows that S is a tame, hence Galois

H - ou-v-extension. Thus (iv) = (i), completing the proof of Theorem 16.1.

COROLLARY 16.2 (cf. [3]). Let L D K be a Kummer extension of local fields of prime
order I. Then [ does not divide the ramification number t of L/K.

PrOOF. The conclusion is true if S is a Galois H,-extension for some H,, by
Theorem 16.1. So assume S is not Galois. In that case, v, (tr(S)) is not a multiple of
I—1.Soifh=t+1=cl+r,0<r </ againby[22, p.91],

0, (tr(S)) = [(cl+ ) =1 /1] =c(I=1) +[r(I - 1) /1]
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is not a multiple of / — 1. So r > 2, and r # —1 or 0 (mod /). That completes the
proof.

17. Globalization. In this section we obtain global versions of the local results of
the previous sections.

Let L D K be a Kummer extension of number fields of prime order / with Galois
group G and with rings of integers R = Oy, S = O, . For each (finite) prime p of K,
let RL,, I%l, be the completions at p, and let .SA", =S ®R RD, L,=L® Kp. Then
L‘, ) 1%1, is a Kummer extension, lA,l, = kl,[z], zle Kp (even though if p splits
completely in S, L, will be a direct sum of fields, rather than a field).

ProposITION 17.1. Suppose L O K are as above, and at each prime p ofR we are
given a Tate-Oort Hopf algebra Hv c K G and a tame H extenszon Tp of R
contained in S such that at all but a finite number of primes v, T, S Then there
exists a unique Hopf algebra H contained in KG and a tame H extension T of R

contained in S such that T ® » Rv = 71, and H ® IAZl, = fiv.

If we can find unique H, and T, over R, the localization of R at p, so that
T, ®p, R = Tl,, H, ®p R H,, such that T S, for all but a finite number of
primes, then. since H, = RvG forall p+/, H=NH, and T =NT, by standard
module theory over Dedekind domains. So (17.1) follows from

PrROPOSITION 17.2. Let R be a discrete valuation ring with quotient field K, L a
finite extension of K, S the mtegral c[osure of R in L. Let K be the completlon of K
with respect to the valuation on R, R = valuation ring, L=1L ®x K, S$=5®,

Let T, be an order over R in L. Then there exists a unique order T over R in L wzth
T=T®,R=T,.

PROOF. Since T, is an order over R in L, there exists some m so that p™S C T, C
S. Let i: L — L be the canonical inclusion. Let T = {x € S|i(s) € T;}. Then
p"S € T. We claim T, = T. We have the following diagram with exact rows:

0 - T > S - SJT
bi i R
0 - 1T, - S§ - ST, - 0
Since R is R-faithfully flat, R ® S/T = S/T. But then

S/T=R&y(S/T)=(R/p"R) ®; (S/T) = (R/p"R) ® (S/T)
=R®,(S/T)=S/T.

Now T C T,,s0 S/T = ﬁ/f - S/T, is surjective but by definition of T, S/T
— $/T, is injective. Thus S/T =S/T=S/T,and T, = T.

To show T is unique with 7 = T,, suppose T’ has T’ = T,. Then T’ C T, and
R®,T'=T"=T,=T=R® T. By faithful flatness of R, T" = T.

Using 17.1. the globalizations of the local results for Kummer extensions of the
previous three sections are immediate. The globalization of the trace criterion of
Theorem 16.1 for @, is the converse of Theorem 6.1:
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THEOREM 17.3. Let L O K be a Kummer extension of prime order [ of number fields.
Let W = Tr(O,). Then the order Z of O, is a Hopf algebra and O, is a tame
stextension if and only if W is the (I — 1)th power of an ideal of Oy. If so, /= Hgy
where BW = [0y.

Here is the global version of the congruence criterion 14.2:

THEOREM 17.4. Let L = K[z], z' = w € K be a Kummer extension of prime order
of number fields, with Galois group G. Then the order sZ of O, in KG is a Hopf algebra
and O, is a tame stextension if and only if for each prime p of Oy dividing 1Oy,

(a) I does not divide v,(w), or

(b) [ divides v,(w) and there is some ¢ in K so that vp(c’w = 1) = () or
vu(c[w — 1) =1 (mod/).

If (a) holds for all primes p of Oy dividing /O, then &/ = (O G)*. If (b) holds
for some p dividing /Oy, then &/ = Hg, where for each prime p of Oy dividing /Oy,
choosing ¢ € K so that »,(¢'w — 1) > le or =1 (mod/), we have

If »,(¢'w — 1) > le, then »,(Z) = 0,

If v,(c'w —1)=k,0 < k < le, then »,(#) = (k — 1)(/ = 1)/L

We may also give a complete classification of Galois extensions inside O,,
globalizing Theorem 14.1:

THEOREM 17.5. Let L = K|z], z' = w € K be a Kummer extension of prime order |
of number fields. The set Gal(L/K') of Galois extensions of Oy contained in O, is as
follows:

(a) if for some prime b of Oy, | t v,(w), then Gal(L/K) is empty.

(b) if for all primes p of Ok, [|v,(w), then the set Gal(L/K) is in 1-1
lattice-inverting correspondence with the ideals of Oy which are (I — 1)th powers and
which contain (10, )(tr(0,)) ™.

PROOF. An order § C O, over Oy in L is a Galois Hzextension if and only if S,
is a Galois Hg"-cxtension for each prime p of O. If / does not divide v,(w) for
some prime b, then there are no Galois extension of Oy, contained in L by
Corollary 8.2, hence (a) holds.

Suppose that / divides »,(w) for all primes p of Og. If b is a prime which does
not divide /Oy, then O, ,, itself is a Galois H, ,-extension of O, , and is unique. If p
divides /Oy we have a chain §,C §;, C --- C §,C O, , where S, is a Galois
H i i-extension of O . Set L = K[z], z/ =1 + up* where k > le or u is a unit
in Oy, and [/ does not divide k. If k > le then h =e and tr(O, ,) = Ok ,. If
k<le,k=gqgl+r,0<r</then h=gq.

Thus the set of Galois extensions of Oy contained in L is in 1-1 correspondence
with ideals ¢ so that at b not dividing /O, £, = (1) and at p dividing /Oy,
¢, =p =1 for 0 < k < h. Since S, C O, ,, t(S,) € (O, ,) for all k < h. But
tr(S,) = p« " Dg(S,) where ¢ generates the space of integrals of H . v; since
Sy 1s a Galois H .- v-extension, ¢(S,) = Ok ,. Thus

tr(S,) = p"P c w(0,,)
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and so

([OK)([I'(OL‘D))’1 c ph(l—l) c Dk(["l)

for all k, 0 < k < h. That completes the proof.

Note that (b) holds if and only if the Kummer order O, of O, is a Galois
H,-extension of Oy. Then O, corresponds to the unit ideal, and is contained in all
other Galois extensions inside O,. This observation allows determination of an
upper bound on the number of Galois extensions of rank / of O:

COROLLARY 17.6. Let K be a number field containing §, a primitive lth root of unity,
[ prime, and suppose O = ({1 - - - v&)' "1 is the factorization of 10 = (1 — {)/~'0x
into a product of prime ideals. Then the number of Galois extensions S of Oy of rank |
such that S ®, K is a Galois extension of K with group G, cyclic of order , is at most

g

lU(OK)/U(OK)Il‘lCl/(OK)l' [T +1).

i=1

PRrOOF. The first two factors represent the number of Galois H;-extensions of Oy.
This follows from the exact sequence

1 - NB(Oy, H,) = Gal(Oy, H,) - PrimPic(H,) — 1

given by the Picard invariant map [26], where Gal(O, H,) is the group of Galois
H,-extensions, NB(Og, H,) is the subgroup of Galois H,-extensions with normal
basis, and Prim Pic(H,) is the subgroup of primitive elements of Pic(H,), the group
of rank one projective H,-modules. Now NB(Oy, H,) = U(Og)/U(O)' by [14],
and Prim Pic(H,) = ClI,(Og) the [-torsion subgroup of the class group of Oy,
essentially by [7, Example 4.16]. The third factor is the number of ideals containing
10, which are (/ — 1)th powers: this factor is an upper bound for the number of
Galois extensions of Oy contained in any Galois extension of K with group G of
order /, by Theorem 17.5.

COROLLARY 17.7. Let K = Q(‘/;T). p a prime = 3 (mod4). Then K has at most 12
Galois extensions of rank 2.

For U(Og)/U(O)* has order 4, Pic(O,) has odd order, 20y is the square of a
prime ideal, and for any Galois extension S of rank 2, S ® K is a Galois extension
of K with group G of order 2.

In fact, by genus theory, Gal(Oy, H,) = Gal(Ox, OxG) has order 2, so the bound
of 12 is not best possible: we suspect the correct number is 8.

Corollary 17.7 may be used to show the existence of many Azumaya Og-algebras
which are not crossed products for large p: see [31].

In Corollary 17.6 the hypothesis that S ® K be a KG-Galois extension of K is
necessary. For example, if / = 3, there exist nonnormal cubic field extensions of K
and any such is a Galois H-extension for some rank 3 Hopf K-algebra H # KG: see
Theorem 4.6 of [27].
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REMARK 17.8. It is a straightforward matter to classify the set 7 (0, /Ox) of tame

extensions of O, contained in O, :
7(0,/ 0x) =17 (01/ Ox.)
p

where [1” mean the elements of the direct product over all primes p of Oy such that
at all but a finite number of primes p, S, = O, ,. Here (0, /Oy ,) is the union
of the Galois extensions of Oy , contained in O, ,, described in Theorem 14.1, and
the non-Galois, tame H,-extensions, which are described in Theorem 8.1.

18. A cubic example. By way of illustrating the trace condition of Theorem 17.3,
we consider K = Q(¢), ¢ = (=1 + V—=3)/2, a cube root of unity. H. Wada [25] has
determined relative integral bases for the rings of integers O, of L = K[z], z3 = w.

Write w = st?, where s, ¢ are cube-free elements of Oy, with s, f both # —1
(mod V=3 ). Then Wada considers three cases.

(i) If s # ¢ (mod 3), then 1, z, z2/¢ is an Oy-basis of O, .

In this case tr(O, ) = 30 since the only prime ideal p of Oy containing / = 3 is
p= \/:30,(, v,(tr(0,)) = 2. So O, is a tame (O G)*-extension of O.

(ii) If s = r (mod 3y —3), then s and ¢ are relatively prime to 3, for otherwise y — 3
divides ¢ or s, hence both, and 3V—3 = V=33 would divide w, contrary to the
assumption that w is cube-free. In this case, O, has an Oy-basis consisting of 1,
(1 —z)/V=3,and ((s + z + z%)/1)/3. Then tr(O, ) is generated by 3, —3/ /-3 =
V=3 and s, 50 tr(0,) = Og. Thus O, is a tame Oy G-extension of O (that is, tame
in the classical sense [11]).

(iii) If s =1 (mod3), s # ¢ (mod3y/—3), then Wada shows that O, has an
Oy-basis 1, z, (1 + z + 2%)/1)/ V=3 and tr(0;) = V=3 O. Thus v,(tr(0,)) = 1
is not divisible by 3 — 1 = 2, so by Theorem 6.1 the order &/ of O, in KG is not a
Hopf algebra.

This last fact can be seen directly:

Locally at (3), hence globally, the only Hopf algebras of order 3 contained in KG
are H_, and H; by Corollary 7.2. Since

1 1
V=3 V=3
has a0, = O,, the order &7 of O, in KG contains a but not
—a/V-3 =(1+0+0?)/3.

Thus & lies properly between H_; = OxG and H, = (OxG)*, and so is not a
Hopf algebra.

a (1+0+0?)
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